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1. Introduction
A PQ-manifold is a graded manifold (ringed space with nonnegative integer
graded structure sheaf plus some local trivialization conditions) with a sym-
plectic structure and a compatible odd nilpotent vector field Q. Due to a trick
by Roytenberg the graded symplectic structures are all exact, as well as the Q-
structures, which by definition have only to be symplectic vector fields, are all
Hamiltonian. If one starts with a study of the lowest degree PQ-manifolds one
discovers the following structures. A degree 1 P-manifold is an odd cotangent
bundle, i.e. the fiber-linear functions on the cotangent bundle are declared to
be of degree 1 while the coordinates of the base manifold remain of degree 0. A
Q-structure is now equivalent to a nilpotent Hamiltonian of degree 2. Since the
fiber-linear functions on T ∗M are the vector fields on M , a degree 2 function
is a bivector field π ∈ Γ(∧2TM). The Poisson bracket on T ∗M encodes the
Schouten-Nijenhuis bracket of multivector fields and therefore nilpotence of π
is equivalent to [π, π] = 0, i.e. the bivector is Poisson. Therefore PQ-manifolds
of degree 1 are in one-to-one correspondence to (smooth) Poisson manifolds.
Roytenberg described in [Roy01] that a graded symplectic manifold of degree 2
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is in one-to-one correspondence to a pseudo-Euclidean vector bundle. He more-
over discovered that Q-structures are in one-to-one correspondence to Courant
algebroids on the underlying pseudo-Euclidean vector bundle. The Dorfman
bracket of the Courant algebroid can be reconstructed as a derived bracket be-
tween the graded functions of degree 1 (which are isomorphic to the sections
of the vector bundle). In the same paper Roytenberg also gave the elementary
structure of graded manifolds as towers of affine fibrations.
Based on that, the author investigated PQ-manifolds of degree 3 and we
define an algebroid with structures similar to the PQ3-manifold. It turns out
that this generalization is an H-twisted Lie algebroid. That is a vector bundle
E →M (over a smooth manifold) together with a map of vector bundles ρ : E →
TM , called the anchor, and a skew-symmetric bracket [., .] on the sections of
E. These fulfill the usual Leibniz rule. More general than a Lie algebroid, the
Jacobi identity can be twisted by an E-3-form H with values in kerρ. Guided
by the PQ3-manifolds this H should be closed under some exterior covariant
derivative. This arises naturally on the (possibly singular) subbundle ker ρ (see
Section 2 for details). Given this exterior covariant derivative we will define a
cohomology by the na¨ıve idea of cutting down the cochains (E-forms with values
in S• ker ρ) until it squares to 0. This is summarized in the main Theorem 16
in Section 3. The idea of twists of algebroids is well known in the literature, see
e.g. [Kos05], [Kos96], [LWX97, chap.6], or [CSX10].
The correspondence to PQ3-structures requires an additional structure – a
splitting. This is summarized in Theorem 31 in Subsection 4.2. Also for these
split H-twisted Lie algebroids it is natural to define cohomology in terms of the
Q-structure (analog to Courant algebroids). We arrive thus at another definition
of cohomology.
Note that the H-twisted Lie algebroid fits into the structure of a two-term
L∞-algebra as introduced by [BC04]. We will review this definition in Sec-
tion 3. An interesting fact is that H-twisted Lie algebroids with an anchor map
of constant rank can be described by Q-structures in another way, not involv-
ing a symplectic realization. This observation goes back to the joint work of
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the author with T. Strobl in [GS10]. This gives rise to another definition of
cohomology in this regular case (details in Section 5).
Note that the realization as Q-structures naturally permits one to write
down topological σ-models for H-twisted Lie algebroids. They can therefore
also be of interest for considerations in Quantum-field-theory. Details of the
underlying formalism can be found, e.g., in [AKSZ97] or also in [GS10]. Namely,
during publication the author was informed of parallel developments by Ikeda
and Uchino in [IU10], where particular PQ-manifolds of degree 3 as well as the
sigma-models via AKSZ-construction are studied. Their Lie algebroids up to
homotopy correspond to splittable H-twisted Lie algebroids.
For those readers not interested in the graded geometry behind it, the Sec-
tions 2 and 3 are written entirely in terms of smooth geometry. Also the na¨ıve
cohomology only relies on smooth vector bundles and the exterior covariant
derivative on kerρ. Since the na¨ıve cohomology requires (smooth) sections of a
potentially singular bundle (the kernel of the anchor map), it seems helpful to
also give a definition of H-twisted Lie algebroids in terms of differential algebra.
This gives rise to what we want to call H-twisted Lie–Rinehart algebras. For
an introduction to Lie–Rinehart algebras see the original article [Rin63] as well
as [CL07] for the notion of (co)-morphisms.
The organization of the paper is as follows. In Section 2 we give a definition
of the E-connection of an anchored almost Lie algebroid (E, ρ) on ker ρ. We
also explain what is meant by smooth sections in this possibly singular vector
bundle. In Section 3 we introduce the main object, H-twisted Lie algebroids.
We show that they are anchored (in the sense of Section 2) and show properties
of its exterior covariant derivative. We also give examples. This permits us
to define the na¨ıve cohomology of an H-twisted Lie algebroid. We end this
section with the definition of H-twisted Lie–Rinehart algebras. In Section 4
we take an excursion to graded symplectic Q-manifolds and show that PQ-
manifolds of degree 3 (with splitting) give rise to split H-twisted Lie algebroids.
We moreover introduce the notion of split cohomology for splittable H-twisted
Lie algebroids. In Section 5, finally, we introduce a Q-structure for regular
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H-twisted Lie algebroids and define their regular cohomology.
I would like to thank Zhuo Chen for discussions about an early version of
this paper and pointing out that this is a two-term L∞-algebra. Moreover,
I am thankful to D. Roytenberg for pointing me to the tangent complex (see
Corollary 34) as well as the Example 29. Additionally I would like to thank Z.-J.
Liu and the referee for pointing me to Lie–Rinehart algebras. Finally, I would
also like to thank Yunhe Sheng of Jilin university for his hospitality during my
stay there, since part of the work has been done during the stay.
2. Connection for anchored almost Lie algebroids
Definition 1. An anchored almost Lie algebroid (E, ρ, [., .]) is a vector bundle
E →M , a map ρ : E → TM , called the anchor, and a skew-symmetric bracket
[., .] : Γ(E) ∧ Γ(E)→ Γ(E) subject to
[φ, f · ψ] = ρ(φ)[f ] · ψ + f · [φ, ψ]
ρ[φ, ψ] = [ρ(φ), ρ(ψ)]TM
for all φ, ψ ∈ Γ(E), and f ∈ C∞(M).
Example 2. Examples of these are Lie algebroids (which in addition fulfill the
Jacobi identity), but also constructions of the following type. Let F ⊂ TM
be an integrable distribution, E := F ⊕ E0 be a vector bundle with projection
ρ : E → F ⊂ TM , ∇ a connection on E0, B ∈ Ω
2
M (E,E0), then
[X ⊕ φ, Y ⊕ ψ] := [X,Y ]⊕B(X ⊕ φ, Y ⊕ ψ) +∇ρ(X⊕φ)ψ −∇ρ(Y⊕ψ) φ
is an anchored almost Lie algebroid.
Remark 3. By a section Ψ ∈ Ω•M (E, S
• kerρ) of the possible singular “bundle”
∧•E∗ ⊗ S• kerρ – S• denoting the symmetric powers of a vector bundle – we
mean a smooth section of ∧•E∗ ⊗ S•E that vanishes under ρ˜ : ∧• E∗ ⊗ S∗E →
∧•E∗ ⊗ S•E ⊗ TM defined using the Leibniz rule
ρ˜(α⊗ ψ1ψ2) = α⊗
(
(ψ1 ⊗ ρ(ψ2)) + (ψ2 ⊗ ρ(ψ1))
)
where α ∈ ∧•E∗x and ψi ∈ Ex for some x ∈M .
Lemma 4. There is an E-connection on kerρ, i.e. ∇E : Γ(E) ⊗ Γ(ker ρ) →
Γ(ker ρ) subject to
∇Efφψ = f∇
E
φ ψ
∇Eφ (fψ) = ρ(φ)[f ] · ψ + f∇
E
φ ψ
for all φ ∈ Γ(E), ψ ∈ Γ(ker ρ), and f ∈ C∞(M).
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Proof. Define ∇Eφ ψ := [φ, ψ] for φ, ψ as above and observe that it lies in ker ρ,
because of the morphism property of ρ. Since ρ(ψ) = 0 it is also C∞(M)-linear
in φ.
Definition 5. Using the usual formula that works for Lie algebroids, we can
extend ∇ to an exterior covariant derivative D: Ω•M (E, ker ρ)→ Ω
•+1
M (E, ker ρ),
i.e.
〈Dα, ψ0 ∧ . . . ψn〉 :=
n∑
i=0
(−1)n∇Eψi 〈α, ψ0 ∧ . . . ψˆi . . . ψn〉
+
∑
i<j
(−1)i+j〈α, [ψi, ψj ] ∧ ψ0 . . . ψˆi . . . ψˆj . . . ψn〉
Lemma 6. The above formula is indeed skew-symmetric and C∞(M)-linear in
all ψi.
Proof. Straightforward computations analog to Lie algebroids.
Note however that D, in general, does not square to 0, because [., .] does not
fulfill the Jacobi identity. Namely the two are equivalent.
Corollary 7. ∇E and D extend to Γ(S• ker ρ) and Ω•M (E, S
• ker ρ), respec-
tively.
Proof. Extend using the Leibniz rule
∇Eφ (ψ1ψ2) := (∇
E
φ ψ1)ψ2 + ψ1∇
E
φ ψ2
D extends in an analog way.
3. Definition, examples, elementary properties
Definition 8. An H-twisted Lie algebroid is a vector bundle E → M together
with a bundle map ρ : E → TM (called the anchor), a section H ∈ Ω3M (E, ker ρ),
and a skew-symmetric bracket [., .] : Γ(E) ∧ Γ(E)→ Γ(E) subject to the axioms
[φ, [ψ1, ψ2]] = [[φ, ψ1], ψ2] + [ψ1, [φ, ψ2]] +H(φ, ψ1, ψ2) (1)
[φ, f · ψ] = ρ(φ)[f ] · ψ + f · [φ, ψ] (2)
DH = 0 (3)
where f ∈ C∞(M), φ, ψ, ψi ∈ Γ(E) and D is the one defined for anchored almost
Lie algebroids.
Lemma 9. ρ is a morphism of brackets, i.e.
ρ[ψ1, ψ2] = [ρ(ψ1), ρ(ψ2)] (4)
for ψi ∈ Γ(E).
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Proof. expand using ρ(ψ)[f ] · φ = [ψ, f · φ]− f · [ψ, φ], apply the Jacobi identity
(1) and note that ρ ◦H = 0 due to H ∈ Ω3M (E, ker ρ).
Example 10. Let (E, ρ, [., .]0) be a Lie algebroid of rank 3. Define an E-connection
∇E0 on Γ(S• ker ρ) as in the Lemma 4 and an associated D0.
Take an E2-form B ∈ Ω2M (E, ker ρ) and define
H := D0B, (5)
[φ, ψ]B := [φ, ψ]0 +B(φ, ψ), (6)
It follows that the Jacobi identity of [., .]B is twisted by D0B = H . Due to
rkE = 3 we also observe that DBH = 0 for the differential defined in the
Definition 8.
Therefore (E, ρ, [., .]B, H) is an H-twisted Lie algebroid.
Example 11. We can generalize the last example if we take rkE ≥ 3 with
Lie algebroid structure (E, ρ, [., .]0) and ∇
E0, D0 as before. Starting from an
arbitrary B ∈ Ω2M (E, ker ρ) we observe again that H := D0B is the twist of the
Jacobi identity. For α ∈ Ω1M (E) the operator D is
Dα = D0α− α ◦B =: D0α+ B˜(α)
and for φ ∈ Γ(ker ρ)
Dφ = D0φ+B(φ, ·) =: D0φ+ B˜(φ)
and for arbitrary Ψ ∈ Ω•M (E, S
• kerρ) by extension by Leibniz rule. The last
condition (3) is therefore equivalent to
0 = DH = D0(D0B) + B˜(D0B) = B˜(D0B) ,
where we used that the differential D0 of the (flat) module ker ρ squares to 0.
Therefore we can generalize the previous example if we can solve this quadratic
first order (partial) differential equation.
From [BC04] we take the following definition of a two-term L∞-algebra.
Definition 12. A two-term L∞-algebra is a two-term complex 0→ V1
∂
−→ V0 →
0 together with three more maps
[., .] : V0 ∧ V0 → V0,
⊲ : V0 ⊗ V1 → V1,
l3 : V0 ∧ V0 ∧ V0 → V1
Subject to the rules
[φ, ∂f ] = ∂(φ ⊲ f) (7)
(∂f) ⊲ g + (∂g) ⊲ f = 0 (8)
[φ1, [φ2, φ3] ] + cycl. = ∂l3(φ1, φ2, φ3) (9)
φ1 ⊲ (φ2 ⊲ f)− φ2 ⊲ (φ1 ⊲ f)− [φ1, φ2] ⊲ f = l3(φ1, φ2, ∂f) (10)
l3([φ1, φ2] ∧ φ3 ∧ φ4) + φ1 ⊲ l3(φ2 ∧ φ3 ∧ φ4) + unshuffles = 0 (11)
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where φi ∈ V0 and f ∈ V1.
Proposition 13. The H-twisted Lie algebroid (E, ρ, [., .], H) is a two-term L∞-
algebra with the following identifications:
0→ Γ(ker ρ) =: V1
∂
−֒→ Γ(E) =: V0 → 0 a complex,
l2 : V0 ∧ V0 → V0 : (φ, ψ) 7→ [φ, ψ]
⊲ : V0 ⊗ V1 → V1 : (φ, ψ) 7→ ∇
E
φ ψ
l3 : V0 ∧ V0 ∧ V0 → V1 : (ψ0, ψ1, ψ2) 7→ H(ψ0, ψ1, ψ2)
Proof. (7) follows from the definition of the connection, (9) is the axiom of
homotopy Jacobi identity (1), (11) can be identified with the closeness of H
under the derivative D (3). (8) follows from the skew-symmetry of the bracket
(and the definition of the connection ∇E) and (10) for ψi ∈ Γ(E) and φ ∈
Γ(ker ρ) derives as follows:
(∇Eψ1 ∇
E
ψ2
−∇Eψ2 ∇
E
ψ1
−∇E[ψ1,ψ2] )φ
=[ψ1, [ψ2, φ]]− [ψ2, [ψ1, φ]]− [[ψ1, ψ2], φ]
=H(φ, ψ1, ψ2) .
3.1. Na¨ıve cohomology
Proposition 14. The operator D fulfills a Leibniz rule, i.e. for α ∈ Ω
|α|
M (E, S
• ker ρ),
β ∈ Ω•M (E, S
• ker ρ) it is
D(α ∧ β) = (Dα) ∧ β + (−1)|α|α ∧Dβ . (12)
D2(α1 ∧ · · · ∧αk) = (D
2α1)∧ α2 ∧ · · · ∧αk + · · ·+α1 ∧ . . . αk−1 ∧ (D
2αk) (13)
Note that the operator D does not square to 0 in general. It is
D2f = 0, (14)
D2α1 = −α1 ◦H =: H˜(α1),
〈D2φ, ψ1 ∧ ψ2〉 = H(φ, ψ1, ψ2) =: 〈H˜(φ), ψ1 ∧ ψ2〉 (15)
for f ∈ C∞(M), αi ∈ Ω
1
M (E) = Γ(E
∗), φ ∈ Γ(ker ρ), and ψi ∈ Γ(E).
Proof. For the first statement, note that D is an odd first order linear differential
operator.
For the second statement, observe
D2(α1 ∧ α2) = (D
2α1) ∧ α2 + (−1)
|α1|(Dα1 ∧Dα2 −Dα1 ∧Dα2)
+ α1 ∧D
2α2
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and conclude for k terms αi by induction. It thus remains to show the formulas
for f , α, and φ ∈ Γ(ker ρ).
〈D2f, ψ1, ψ2〉 = ρ(ψ1)[ρ(ψ2)[f ]]− ρ(ψ2)[ρ(ψ1)[f ]]− ρ[ψ1, ψ2])[f ]
= ([ρ(ψ1), ρ(ψ2)]− ρ[ψ1, ψ2])[f ] = 0
due to Lemma 9. For α ∈ Ω1M (E) = Γ(E
∗) we have
〈D2α, ψ0, ψ1, ψ2〉 =ρ(ψ0)[〈Dα, ψ1, ψ2〉]− 〈Dα, [ψ0, ψ1], ψ2〉+ cycl.
=(ρ(ψ0)ρ(ψ1)− ρ(ψ1)ρ(ψ0)− ρ[ψ0, ψ1])[〈α, ψ2〉] + cycl.+
+ 〈α, [[ψ0, ψ1], ψ2] + cycl.〉
The first term vanishes due to Lemma 9. The second term simplifies using
the Jacobi identity and gives the claim. (15) is property (10) of a two-term
L∞-algebra.
Remark 15. Extend moreover the operator H˜ from the last proposition
H˜ : Ωp+1M (E, S
q ker ρ)→ Ωp+3M (E, S
q ker ρ) : H˜(α0 ∧ . . . αp ⊗ ψ1 · · ·ψq) = (16)
=
p∑
i=0
(−1)iH˜(αi) ∧ α0 . . . αˆi . . . αp ⊗ ψ1 · · ·ψq
+
q∑
j=1
α0 ∧ . . . αp ∧ H˜(ψj) · ψ1 . . . ψˆj · · ·ψq .
Remember the trace operator. Given a tensor product of vectors and covectors,
e.g. ∧pE∗ ⊗ SqE it contracts one vector with one covector, thus lowering the
number of factors by one each. In explicit formulas this is
tr : ∧k+1 E∗ ⊗ SmE → ∧kE∗ ⊗ Sm−1E : tr(α0 ∧ . . . αk ⊗ ψ1 · · ·ψm) = (17)
=
k∑
i=0
m∑
j=1
(−1)i〈αi, ψj〉 · α0 ∧ . . . αˆi . . . αk ⊗ ψ1 · · · ψˆj · · ·ψm .
Theorem 16 (naive cohomology). Given an H-twisted Lie algebroid (E, ρ, [., .], H)
we define its naive cochains as
Cp,q(E) := ker
(
H˜|ΩpM (E, S
q kerρ)
)
(18)
and the differential
dE : C
p,•(E)→ Cp+1,•(E) : Ψ 7→ DΨ, (19)
together with an accompanying differential
δ : Cp,q(E)→ Cp−1,q−1(E) : Ψ 7→ tr Ψ (20)
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Its partial cohomology H•naive(E) := H
•(C•,•(E), dE) is called the na¨ıve
cohomology.
Proof.
Lemma 17. D ◦ H˜ − H˜ ◦D = D˜H and H˜ ◦ tr = tr ◦H˜
Now for Ψ ∈ ker H˜ , D2Ψ = H˜(Ψ) = 0 and
tr2(α1 ∧ α2 ⊗ ψψ) = 〈α1, ψ〉〈α2, ψ〉 − 〈α2, ψ〉〈α1, ψ〉 = 0
and by a polarization argument also for two arbitrary ψ1 and ψ2. By an induc-
tion argument this extends to arbitrary Ψ ∈ ΩpM (E, S
q kerρ).
Note that the two differentials do not interchange, i.e. this is not a double
complex. The name na¨ıve cohomology is in analogy to [SX08], because we cut
down the cochains such that D squares to 0. It might thus be that H2,0naive(E)⊕
H
0,1
naive(E) does not cover all infinitesimal deformations of E.
Example 18. 1. If (E, ρ, [., .]) is a Lie algebroid (and H thus vanishes), the
na¨ıve cohomology coincides with Lie algebroid cohomology with coeffi-
cients in S• ker ρ.
2. Let g0 = su(2) and B := ξ
1ξ2 ⊗X1. Then H = vol⊗X2 and
Cp,q(g, H) =

∧pg∗ ⊗ Sqg for p 6= 1,
Rξ1 ⊕ Rξ3 for p = 1, q = 0,
 a 0 bc d e
f 0 −a
 : a, . . . , f ∈ R
 for p = 1 = q,
. . . for p = 1, n1 + n2 + n3 = q − 1 ≥ 1
The cohomology of su(2) is well known due to Whitehead’s lemma (see
e.g. [Var84]), i.e. Hp(su(2)) = 0 for p = 1, 2 and R for p = 0, 3. For the
B-twisted algebra however this is
H
p,0
naive(g, B)
∼=
{
R for p = 0, 2, 3
0 for p = 1 ,
i.e. the twist has an effect on H2,0(g, B). The cohomology with coefficients
in g is
H
p,1
naive(g, B)
∼=
{
0 for p = 0, 1, 3
R
2 for p = 2 .
as opposed to Whitehead’s theorem (see, e.g. [web, WhiteheadsLemmas])
for su(2), where the Lie algebra cohomology with coefficients in an irre-
ducible module of rank at least 2 vanishes.
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3.2. H-twisted Lie–Rinehart algebras
Since the cochains Cp,q := ΩpM (E, S
q ker ρ) are smooth sections of a pos-
sibly singular vector bundle, the more natural language for the H-twisted Lie
algebroids is that of modules over (smooth) algebras. Throughout this chapter
R will be a commutative (associative) ring with unit 1 over a base field k. We
will denote by Der(R) the derivations of R (being additive and fulfilling the
usual Leibniz rule). By ⊗ we denote the usual tensor product over k. Given
an R-module E, we denote E∗ := HomR(E,R) its dual module. Remember the
definition of Lie–Rinehart algebra [Rin63, CL07].
Definition 19. A Lie–Rinehart algebra (R,E, [., .], ρ) is an R-module E that has
the structure of a Lie algebra (E, [., .]) together with an R-linear map ρ : E →
Der(R) subject to the rules
[φ, [ψ1, ψ2]] = [[φ, ψ1], ψ2] + [ψ1, [φ, ψ2]]
[φ, f · ψ] = ρ(φ)[f ] · ψ + f · [φ, ψ]
ρ[φ, ψ] = [ρ(φ), ρ(ψ)]Der(R)
where φ, ψi ∈ E, f ∈ R.
Note that the first axiom is the Jacobi-identity of the Lie algebra. The
second axiom is the Leibniz rule and the third axiom is the morphism-property
for the anchor map ρ. The last axiom follows from the first two for projective
modules E, however one usually does not make this restriction in the definition.
The analogy for H-twisted Lie algebroids is now.
Definition 20. An H-twisted Lie–Rinehart algebra (R,E, [., .], ρ,H) is an R-
module E, a skew-symmetric k-linear bracket [., .] : E ∧ E→ E, an R-linear map
ρ : E→ Der(R), and an E-3-form H with values in ker ρ, i.e. H ∈ HomR(∧
3E, ker ρ),
subject to the rules
[ψ1, [ψ2, ψ3]] + cycl. = H(ψ1, ψ2, ψ3) (21)
[φ, f · ψ] = ρ(φ)[f ] · ψ + f · [φ, ψ] (22)
ρ[φ, ψ] = [ρ(φ), ρ(ψ)] (23)
DH = 0 , (24)
where φ, ψi ∈ E, f ∈ R and D: HomR(∧
•
E, ker ρ)→ HomR(∧
•+1
E, ker ρ) is the
exterior covariant derivative induced by the E-connection ∇ : E ⊗ ker ρ → ker ρ
which is induced by the bracket [., .].
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The construction of the E-connection on kerρ as well as the exterior covariant
derivative is analog to the algebroid case.
Example 21. A big class of examples comes fromH-twisted Lie algebroids, where
R = C∞(M), E = Γ(E), and [., .] and H are the corresponding structures. In
particular H-twisted Lie algebras are 2-term L∞-algebras with the differential
∂ : V1 → V0 being an embedding.
In order to form a category we also need to specify the morphisms. These
come in two versions.
Definition 22. Given two H-twisted Lie–Rinehart algebras (Ri,Ei, [., .]i, ρi, Hi),
i = 1, 2 together with their induced connections ∇ and ∇′, an L∞-morphism
(Φ∗,Φ∗1,Φ
∗
2) of Lie–Rinehart algebras is a morphism of base rings Φ
∗ : R1 → R2,
a morphism of modules Φ∗1 : E1 → E2 and Φ
∗
2 : ∧
2 E1 → ker ρ2, subject to the
rules
Φ∗(f) · Φ∗1(ψ) = Φ
∗
1(f · ψ), (25)
Φ∗(f1f2) · Φ
∗
2(ψ1, ψ2) = Φ
∗
2(f1 · ψ1, f2 · ψ2), (26)
Φ∗1[ψ1, ψ2]1 − [Φ
∗
1ψ1,Φ
∗
1ψ2]2 = Φ
∗
2(ψ1, ψ2), (27)
Φ∗(ρ1(ψ)[f ])− ρ2 ◦ Φ
∗
1(ψ)[Φ
∗f ] = 0, (28)
Φ∗1 ◦H1(ψ1, ψ2, ψ3)−H2 ◦ ∧
3Φ∗1(ψ1, ψ2, ψ3) = ∇Φ∗1ψ1 Φ
∗
2(ψ2, ψ3) (29)
− Φ∗2([ψ1, ψ2]1, ψ3) + cycl.
For all ψi ∈ E1, fi ∈ R1.
We call such an L∞-morphism strict iff Φ
∗
2 ≡ 0.
Note that despite the notation we do not require the Φ∗i to be transposes of
any maps Φi.
Proposition 23. The H-twisted Lie–Rinehart algebras together with L∞-morphisms
form a category. The composition law for two morphisms Φ∗ : (R2,E2) →
(R3,E3) and Ψ
∗ : (R1,E2)→ (R2,E2) is
(Φ∗ ◦Ψ∗) : R1 → R3, (30)
(Φ∗ ◦Ψ∗)1 : E1 → E3 : χ 7→ Φ
∗
1 ◦Ψ
∗
1(χ), (31)
(Φ∗ ◦Ψ∗)2 : ∧
2
E1 → ker ρ3 : (χ1, χ2) 7→ Φ
∗
2 ◦ ∧
2Ψ∗1(χ1, χ2) + Φ
∗
1 ◦Ψ
∗
2(χ1, χ2)
(32)
where χi ∈ E1, f ∈ R1, and ρ3 is the anchor map of (R3,E3).
The strict morphisms for a subcategory.
The result is that an L∞-morphism of H-twisted Lie algebroids is the fol-
lowing.
11
Definition 24. Let (Ei → Mi, [., .]i, ρi, Hi), i = 1, 2 be two H-twisted Lie
algebroids. A morphism between them is a triple of maps Φ: M2 → M1,
Φ1 : E
∗
2 → E
∗
1 , and Φ2 : (ker ρ2)
∗ → ∧2E∗1 , such that their transpose (Φ
∗,Φ∗1,Φ
∗
2)
form an L∞-morphism of Lie–Rinehart algebras. We call it strict morphism iff
Φ2 ≡ 0.
Corollary 25. Also the H-twisted Lie algebroids together with L∞-morphisms
form a category. Moreover the strict morphisms form a subcategory.
4. Splittable H-twisted Lie algebroids
4.1. Motivation from PQ-manifolds
The author’s motivation to investigate an H-twist came from a generalization
of [Roy01] and [GS10] to degree 3 PQ graded manifolds. For a short introduc-
tion to graded manifolds, see e.g. [Gru¨09, Chap. 2.2], [Roy01, Sect. 2], [Sˇev05,
Sect. 2], or [Vor02, Sect. 4].
Remember the Euler vector field ǫ of a graded manifoldM. Its eigenfunctions
are the homogeneous functions on M.
Proposition 26. A symplectic N-manifold of degree 3 has an exact symplectic
form ω = d(13 iǫω) = dθi ∧ dx
i + dba ∧ dξ
a2 and locally the structure M ≈
T ∗[3]E[1].
It fits in the short exact sequences
0×M → T ∗[3]M
ip
−→M
p
−→ E→ 0×M (33)
and
0×M → E∗[2]
iq
−→ E
q
−→ E[1]→ 0×M
of pointed graded fiber bundles over M the body of M.
This is an observation by Roytenberg in [Roy01]. Canonical coordinate
changes read as:
x˜j = x˜j(x),
ξ˜a =M a˜b (x)ξ
b,
b˜a = (M
−1)ba˜bb +
1
2Ra˜bc(x)ξ
aξb,
θ˜i =
∂xj
∂x˜i
(
θj −M
c˜
a,j(M
−1)bc˜ξ
abb +
1
6Rd˜bc,jM
d˜
a ξ
aξbξc
)
,
2xi of degree 0, ξa of degree 1, ba symplectic duals of ξa and of degree 2, and θi the
symplectic duals of the xi and of degree 3
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where R ∈ Ω3M (E) has to fulfill
Ra˜bc := (M
−1)da˜Rdbc,
0 =M e˜a],[[kRe˜bc],[[l + 2M
e˜
a],[[k(M
−1)fe˜Rg˜f [c,l]]M
g˜
b] +M
e˜
[a,[[kRe˜[bc,[[l
and [. . . ] and [[. . . ]] mean skew-symmetrization in the embraced indices.
Lemma 27. The above short exact sequences permit splittings (in the category
of pointed fiber bundles). A splitting i : E→M induces a map pi : M→ T
∗[3]M ,
and a splitting j : E[1]→ E induces a map pj : E→ E
∗[2].
0×M ← T ∗[3]M
pi
←−M
i
←− E← 0×M (34)
0×M ← E∗[2]
pj
←− E
j
←− E[1]← 0×M
A change of the splitting j is a section R ∈ Ω1M (E,E) which modifies p
∗
j to
ψ 7→ p∗j (ψ) + R(ψ). A change of the splitting i for fixed splitting j is a section
L ∈ Ω1M (TM,∧
3E∗ ⊕ E∗ ⊗ E) which modifies p∗i to X 7→ p
∗
i (X) + L(X) for
X ∈ Γ(TM).
Proof. The fibers are contractible.
Example 28. The Q-structure Θ of a PQ3 manifold has the following compo-
nents:
Θ = ρia(x)θiξ
a + 12C
c
ab(x)ξ
aξbbc +
1
4!habcd(x)ξ
aξbξcξd + 12B
ab(x)babb (35)
i.e. a map
ρ : E → TM : ρ(ψ)[f ] = { {Θ, p∗jψ}, f} , (36)
a symmetric 2-vector
B ∈ Γ(S2E) : B(α, β) = {{Θ, q∗α}, q∗β} , (37)
an E4-form
h ∈ Ω4M (E) : h(ψ1, ψ2, ψ3, ψ4) = {{{{Θ, p
∗
jψ1}, p
∗
jψ2}, p
∗
jψ3}, p
∗
jψ4} , (38)
and a bracket
[., .] : Γ(E)⊗ Γ(E)→ Γ(E) : [φ, ψ] = i∗q{{Θ, p
∗
jφ}, p
∗
jψ} . (39)
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The nilpotence {Θ,Θ} is equivalent to
2ρi[aρ
j
b],i =
1
2ρ
j
cC
c
ab [ρ(φ), ρ(ψ)] = ρ[φ, ψ] (40)
ρi[aC
d
bc],i + C
e
ab]C
d
e[c +
1
3!habceB
ed = 0 (41)
[φ, [ψ1, ψ2]]− [[φ, ψ1], ψ2]− [ψ1, [φ, ψ2]] = B
# ◦ h(φ, ψ1, ψ2)
1
4!ρ
i
[ahbcde],i +
1
12C
f
ab]hf [cde = 0 Dh = 0 (42)
ρiaB
bc
,i + C
b)
adB
d(c = 0 DB = 0 (43)
ρiaB
ab = 0 ρ ◦B# = 0 (44)
where φ, ψ, ψi ∈ Γ(E)
Proof. In order to show, e.g., (41) use adapted coordinates such that p∗j(θa) = θa
and note that the derived bracket encodes:
[φ, ψ] := i∗q{{Θ, p
∗
jφ}, p
∗
jψ} = {{Θ, p
∗
jφ}, p
∗
jψ} − p
∗q∗h(φ, ψ)
Then use computation in these coordinates.
Example 29 (Cotangent structure of a Courant algebroid). Due to Roytenberg
[Roy01] a Courant algebroid structure on the vector bundle A → M is in one-
to-one correspondence to a cubic Hamiltonian ΘA on the symplectic realization
A := A[1] ×(A⊕A∗)[1] T
∗[2]A[1]. The Dorfman bracket can be expressed as a
derived bracket. Analog to Roytenberg’s example T ∗[2]T [1]M one can also
consider M := T ∗[3]A with a Hamiltonian lift of the Q-structure. The role of E
in Proposition 26 is played by a vector bundle E that fits into the short exact
sequence of vector bundles over M
0×M → TM → E
π
−→ A→ 0×M
where π is the projection T ∗[3]A→ A. If one follows the steps of Example 28,
after choosing a splitting of the short exact sequences, one recovers an H-twisted
Lie algebroid on E. Note that the lifted Q-structure mixes the A and the TM -
component in E, however Γ(A) is a subalgebra with an almost Lie algebroid
bracket deriving from the Courant bracket and a compatible connection. In
coordinates – ξi on T [1]M , bi on T
∗[2]M , and θi on T
∗[3]M – the Q-structures
read as follows:
ΘA =ρ
i
a(x)ξ
abi +
1
6Cabc(x)ξ
aξbξc
QA =ρ
i
aξ
a ∂
∂xi
+ ρiag
abbi
∂
∂ξb
+ ρia,jξ
abi
∂
∂bj
+ 12Cabcg
cdξaξb
∂
∂ξd
+ 16Cabc,iξ
aξbξc
∂
∂bi
and the Hamiltonian lift
Θ =ρiaξ
aθi + ρ
i
ag
abbibb + ρ
i
a,jξ
abiξ
j + 12Cabcg
cdξaξbbd +
1
6Cabc,iξ
aξbξcξi
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Therefore the symmetric bivector B and the E-4-form h compute as
B : E∗x · E
∗
x → R : (α, β) 7→ ρ
i
ag
ab(αiβb + αbβi),
h(φ, ψ, χ, ν) = Cabc,i(φ
aψbχcνi + alt.),
The anchor map factors through π
ρE : E → TM : ψ 7→ ρA(π(ψ)) ,
and the skew-symmetric bracket in coordinates is
[φ, ψ] = i∗q{{Θ, φ}, ψ} = ρ(φ)[ψ
a]ba + C
c
abφ
aψbbc − ρ(ψ)[φ
a]ba
+ ρ(φ)[ψi]bi + ρ
i
a,j(φ
aψj − φjψa)bi − ρ(ψ)[φ
i]bi .
Note that this bracket fulfills Leibniz rule and has Jacobiator B# ◦ h˜.
4.2. The splittable case
Definition 30. We call an H-twisted Lie algebroid (E, ρ, [., .], H) splittable if
there exists a D-closed E4-form h ∈ Ω4M (E) and a D-closed symmetric 2-vector
B ∈ Ω0M (E, S
2 ker ρ) = Γ(S2 kerρ) such that
H = B# ◦ h˜ .
The above Example 28 is obviously splittable, however Example 10 cannot
be split for degree reasons. In general we arrive at the following theorem.
Theorem 31. An H-twisted Lie algebroid can be written as in Example 28 iff
it is splittable.
There is a one-to-one correspondence between split H-twisted Lie algebroids
and PQ3-manifolds with splitting.
Definition 32. We define the split cohomology of a splittable H-twisted Lie
algebroid as the cohomology of O(M) under the differential Q := {Θ, .}.
Remark 33. In analogy to the Courant algebroid the lowest orders of cohomol-
ogy have the following interpretations: H0(E) are the smooth functions on M
that are constant along the integral leaves of the image of ρ. q∗H1(E) are the
D-closed E-1-forms modulo D-exact 1-forms. H2(E) are the infinitesimal au-
tomorphisms of the split E modulo the inner automorphisms LEψ := [ψ, .] (for
ψ ∈ ker H˜ ∩ Γ(E)). H3(E) are the obstructions of extending an infinitesimal
automorphism to a formal one.
Corollary 34. Given a split H-twisted Lie algebroid there is a complex
0→ T ∗M
ρT
−−→ E∗
B#
−−→ E
ρ
−→ TM → 0 . (45)
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Proof. This is the so-called tangent complex of a Q-manifold. The vector spaces
are the lowest degree tangent spaces in the sequence
M→ E→ E[1]→M
and the map is the commutator with Q which turns out to be C∞(M)-linear.
The abstract reason why the sequence is a complex is that [Q,Q] = 0, but in
our particular case we also see that B ∈ Γ(S2 ker ρ) and therefore ρ ◦ B# = 0,
as well as the dual sequence 0 = B#T ◦ ρT = B# ◦ ρT .
5. Regular cohomology
The H-twisted Lie algebroid where the anchor has constant rank is also a
Lie-2 algebroid in the sense of [GS10]. The identifications are according to the
names of the maps and t : ker ρ →֒ E the embedding. Therefore there is a
realization of the structure functions as Q-structure on a graded manifold of
degree 2.
Proposition 35. Let (E, ρ, [., .], H) be an H-twisted Lie algebroid with anchor
map ρ of constant rank. Then there is a nilpotent vector field Q of degree 1 on the
graded manifold M := (ker ρ)[2]⊕E[1] with l : Γ(E)
∼
−→ X[−1](E[1]) ⊂ X[−1](M)
and l′ : Γ(ker ρ)
∼
−→ X[−2](ker ρ[2]) ∼= X[−2](M) such that
l[ψ1, ψ2] = pr2[[lψ1, Q], lψ2],
ρ(ψ)[f ] = [lψ,Q][f ] ∈ O[0](M) = C
∞(M),
l′H(ψ1, ψ2, ψ3) = [[[Q, lψ1], lψ2], lψ3] ∈ X[−2](M) = Γ(ker ρ),
l′∇Eψ φ = [[Q, lψ], l
′φ] ∈ X[−2](M) for φ ∈ Γ(ker ρ)
Proof. This is a corollary of Proposition 3.1 in [GS10]. The coordinate descrip-
tion of the Q-structure is
Q =ρai (x)ξ
a ∂
∂xi
− 12C
c
ab(x)ξ
aξb
∂
∂ξc
+ taB(x)b
B ∂
∂ξa
− ΓCaBξ
abB
∂
∂bC
+ 16H
B
abcξ
aξbξc
∂
∂bB
where ΓCaB are the connection coefficients of ∇
E , Ccab the structure functions of
the bracket, xi coordinates on M , ξa fiber-coordinates on E[1], and bB fiber-
coordinates on (ker ρ)[2]. The nilpotence of Q is equivalent to the axioms of an
H-twisted Lie algebroid (for these choices of M and ∇E induced by [., .]).
Therefore we can define:
Definition 36. The regular cohomology of an H-twisted Lie algebroid is the
cohomology of the vetor fields X•(M) under the differential [Q, .].
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